
 

Abstract Algebra Revision
1 Functions
A function has 3 partsdomain X
codomain yr.gg y

V KEX 3 a unique gey
rule St f Cx y

Example I I F I IR floc KI

IE Z Ff D ER

not a function

fix g IN IR gCx fI edit domain

h 3 Q hCx I edit codomain

Example I 2 f I I f x E
I E I F 1 42 71

not a function

fix g 22 I good _E edit domain

h Z EINEN had_Iz edit codoma

Example 1.3 F I FCK
II 2

0

030 FCO Otl I

010 FCO O I I

not a function not well defined

fix g I I god 3ft
x o

XLO

edit function to make
well defined



Example I 4 F Q 7 Flag a b

F Z 3 7 21

Fida 6 14 84

Two ways FIZ Mfato write the
same element
of Q not well defined

Ican you see
how we could
fix this can
we specify a
unique way
to write

fractions

Example l s f Q F F Katt
G EQ Flag Ztt abtaa

btaa.CO
HocEX floc EY

Is this well defined
we need Cis Fox unique

to check F is
well defined as Let G Ed C Q with g q
there are multiple
ways to express ad be

fractions adz be
ac

ad b
a

It ba ti

Fed FIE
well defined



we'll revisit normal
Example l G Let NIE SGS in 3

F x fax Ny Nay

x YEE xyEG
Nx NyE NCxy EG

There are multiple ways to express
Cosets so we need to check that
F is well defined
Let Nx Nx Ny Ny CGg with

Nx Nx and Ny Ny
xx EN yy EN

Fn MEN with

xx n yy em

x nx g My

xy nx my
Nyc Mx x'y

Gary Cody's L
NEN x'ma CN since

NIG
NK Msc EN

CoeyCx'yj'EN
Nay N'x'y

well defined it



2 Congruences
2 I Definitions

Let MEI with M 1 let a bEZ
a bmodm m divides Ca b

a and to have the same remainder
when divided by M

example clocks
Let Ii Ii i't i be 2 times in 24 hour
time

1 12 i n 12

I It to 2 14 i Ii to 2
9 I 3 9 I 3
8 4 8476 5 76 5

Congruence classes equiv classes under
a b a bmodm

a Kartal KEI

a 2M a m a Atm At 2n

The Standard Set of equiv classes are

OJ IT m D

Zm Zymz 103,43 m D we sometimes

0,1 m i I drop the C J notati

a b fatb a bJ ab

Example M 5 D 9 4,1 6,11

Is 03,13 143
i 33 14 23 43 83 5
23 33 15 6



2 2 Groups Rings Fields
see lecture notes for proofs
7 m I mz is a commutative ring
m p prime ftp 7 p Zfpz is a Field

tp Ipl o is a group under X

m ab ka b m Zm is a ring but not acm composite
field

Into is not a group

Um a CIImzlgcdca.in is
a group

2.3 Finding solutions

Lee p prime c to
Cx dmodp unique solos solve 2x 5 mod

C C Iplfo a group
lets Find 2 in Z yo

2 1 1 2.2 4 2.3 6 2 4 8 I
c exists

4 2x 4.5 mod
x C d modp x 20 6 od
x c d x 13

M ab Ica bLm m comp
Cx dmodm

gcdk.ms L unique solve 3x 4 mod to
Soln god 3 co L

gcdcc.cn 1 c c Um 3 CUco let's find 3

c has an inverse 3 1 3 3 2 3 3 7 21 1
x c dmodp x I 7.4 od 10 8 mod to
x c d 2 18



gcdcc.vn t ttd
no 501ns

Coc dmodm Show that 10x 8modzo
3 YEI St has no 501ns
x my D try this yourself

Ela Elm El LHS

CXd EX RHS

god c m t Eld Gx 8modzo
t 501ns gcd 6,201 2 2 10

Coc dmodm 2 Solus
solve Cx my _d 6.1 6 6.8 48 8

find x initial Solh xo 8

all 501ns Xo 8 x 8 t E I

Ki Not F i i o it I
18

3 Normal Subgroups Quotients

let NEG then N is normal write NIG if one
OF the following holds

V xc N.tl get g xgEN
f get g Ng N

y.ge ng g
n

1hm O 2

set of left Cosets Set of rig

Example 3 I IF HEE with CG HJ 2 then HIE
normal SG Let gEGlH then

H Hg right Cosets High left cosets

H H Hg gH
right costes left cosets
normal by



Dan Co P
J rotation
reflection

7 has index 2 in Dan

a I Dzn

Example 3 2 IF G is abelian and HEE HAG
nor a SE

Lee g CG REH

g 0cg g gx lx x EN normal by
Can you check N is normal by
Klein 4 72 212 10,014,01 10,114,11

addition component wise mod 2

40,1 o.o 10,1 E 712 72

712 712 abelian 40,1 1 72 72

Example 3 3 Let p prime new
Quotients

Let G ELnCp N Slip
Let 0 G Fp 01g detCg
Then 0 is a homomorphism with

kernel N

can you check this yourself

what is GIN

By the 1st isomorphism than

er I im 0

GA Eino
what is imo



Let a EFp then 0 9 a

0 surjective
im IFp

GINI Fp
can we see this another way

Ngl SEG
Ng Nh NCgh

cosets G NJ fG p l Ct
Lets Find these cosets
let 9a fa
Nga nga l NEN

detinga detcn dettga
1 a
a

atb then 9b bi Nsa

Nga and Ngb are distinct cosets

N Ng Nga Nsp
are p i distinct sets

by ft these are all the

Cosets

Ng Nga Nsp

What does the multiplication
look like



Nga Ngb Ngagb
N a b

Nfa
b

Ngab

Nga.Ngb Ngab
so if we write Da Nga then

D Oz and

Can you see that this

now looks like the group
Fp


